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1 Introduction

(We had some time to kill to wait for the second bus, so...) Some commands
in MatLAB that we will see: optimtool, linprog, fminimax. Check out the
NEOS website for server-side optimization.

Have quadratic model g, a second-order Taylor series. Newton’s Method,
quadratic convergence, iterative procedure. This procedure is “scale free”.

Quadratic @@ must be PSD on the feasible set.

Let @ be any orthogonal matrix. Consider an affine transformation

T +— Qx+b.

NP-hard.
MOSEK software.

2 What is Optimization?

e Two quotes from Tjalling C. Koopmans, (1975 Nobel Memorial Lecture):

— “best use of scarce resources”

— “Mathematical Methods of Organizing and Planning of Production”

e Quote from Roger Fletcher (text, 1987): ”The subject of optimization is
a fascinating blend of heuristics and rigour, of theory and experiment.”

We discuss some basic models of optimization problems.
Unconstrained optimization: The problem is

Minimize f(x)

where x € R™ and and f is a continuous real valued function.
Linear programming: The basic problem of linear programming is to min-
imize a linear objective function of continuous real variables, subject to linear



constraints. For purposes of describin g and analyzing algorithms, the problem
is often stated in the standard form

Minimize c¢ - x subject to Ax = b,x > 0.

Linear programs are solved using George Dantzig’s simplex method or with
interior point methods.

Quadratic programming:

Semidefinite (and Second Order) Cone programming: This is an area that’s
relatively new. Falls into the class of cone programming problems. If we think
of = as being a vector, we have to change the vector space to the space of
symmetric matrices. Now we draw a big X. The variable is now a matrix, and
we are looking for a matrix that has to be PSD. The constraint Az = b in the
linear form turns into Aopp(z) = b. The objective function in this case is to
minimize (C, X) = trace(CX).

Originally, this was studied as an extension of linear programming, but the
applications that come out are interesting. The linear transformation AoppX is
the same as a family of m equations (Ag, X) = by.

Every linear program has a dual program. You can’t do optimization without
duality. Even unconstrained optimization, the derivative is in the dual space.
Just like in LP, there’s a dual.

We’ll talk about this dual as we go along.

There’s a class of problems called “second order cone problems”. We have

a cone
n

Q= {(mo,...,xn) x> fo}
i=1

This cone is sometimes called an ice cream cone because of when n = 3.

One application is the “max cut” problem. Suppose we have a graph. Can
give edges weights. We want to cut the graph into two, make two sets for
the nodes, such that maximize the sum of the weights that are cut. There
are applications of this in physics and VLSI design, but also mathematically
interesting. We can model this with a quadratic objective.

Let x; correspond to +1 or —1, depending on which set the vertex goes into.
Thus, x € {—1,+1}". Note, if z; and x; are in the same sign iff they are on the
same side. So, in the sum below, we have zeroes or twos (which explains the
denominator):

1
¢ := max 3 Z(l — x;xj)
i<j

Now, we do something very silly. The feasible set here is the vertices of the
n-cube, and they’re disconnected, so it seems that calculus isn’t going to help
you. Don’t the other points seem so far away? We’ll replace the constraint
by a quadratic 2 = 1. It doesn’t seem to do anything. But here’s where
we see Lagrange multpliers. Take the constraint and put it with a Langrange
multiplier.



t(N) = mfxxTQm + Z Ai(1—z2)

(Here, the Laplacian @ is built off the quadratic.) But sometimes, we can’t
solve this. The Hessian looks like 27 (Q — Diag()\))z, where Diag()\) is the n xn
diagonal matrix

A1
A2

An

The new Hessian is Q — Diag(\). The corresponding eigenvector gives you
infinity. A is a parameter, but each time we fix it, we get a t. If A = 0, we get
the original problem, but we allow other values. So this problem is a relaxation.
Every time we solve this problem, we get a bound. It’s a waste of time if an
eigenvalue problem is positive. There’s a hidden semidefinite constraint. If we’re
gonna get a good upperbound, throw out positive infinity. So, our constraint is
Q — Diag(\) <0 (negative semidefinite).

The PSD cone is a nice convex set. The faces are well-described. Each face
of a non-negative orthant corresponds to a cone in a smaller-dimensional cone.

The important thing is that A < ¢(A). We can use Lagrange multiplier to
relax. Of all the \’s, find the best one, so we minimize over A\. However, there’s
a hidden constraint. We can throw away the maximization max, 7 Qz because
of the hidden constraint.

We have an upper bound, but now we want the best upper bound. We want

t< m}%n mawa(Q — Diag(\)z + Ae

where e = (1,1,...,1)T. We know that there’s a hidden constraint where Q —
Diag(X) is NSD, so we might as well add it as part of the minimization criterion.
The max is now 0 at x = 0. So we can just throw it away, so, this is equal to

min e

subject to Diag(\) > @ (this is called the Loner partial order). Out pops an
SDP. Interior point methods can be extended from LP to SDP.

But recall, we haven’t solved the original problem. Max-cut problem is
an NP-hard problem. Goemans and Williamson proved that if you take this
problem and do a randomization process, the worst you can do is an approx 14%
error, which is amazing for a combinatorial optimization relaxation problem. In
practice, you get 97% of the optimal solution.

The idea is you take the discrete set and lift it into matrix space. Each point
on the n-cube, for example, is lifted into matrix space. This is one example
of max-cut where SDP works well. The difficulty is the lifting, where you
potentially square the number of variables.



As you go from LP to SDP, the number of iterations is about the same. For
LP, you can take on billions of variables. For SDP, you can go to 80000 max-cut
nodes.

General Nonlinear Programming: The problem is to minimize f(x) subject
to gk(z) < bg. Can allow for equality constraints too. Mathematicians like to
use < and people in computer science community like the > due to the LP
duality. Another form is bound constraints on the variables: Minimize subject
to ¢(x) =0,l <z <.

The main thing to point out is the Lagrangian again:

L(z,y) = f(x) + Zyici(w)

Here, the Lagrange multipliers are y; instead of A\;. The purpose of the La-
grange multipliers is that the original problem is too hard to solve. By putting
these multipliers together with the objective, again we have a relaxation. Any
minimum of the original problem is a stationary point of the second problem.
The condition is not sufficient: but we search for stationary points.

There are second-order conditions which provide sufficient conditions. Some
of the approaches for solving these include: sequential quadratic programming
(uses the local quadratic approximation), reduced-gradient methods, and some
interior point methods.

There are algorithms called sequential linear approximation. They use a
linearization of the constraints when the constraints are too hard to handle. We
must develop a model that we can handle. Solve an LP, and it will hopefully
give you the right search direction.

The rough idea of optimization: The functions are too complicated to han-
dle as is, so you make an approximation, usually by Taylor series. There are
subtleties to know that you are improving the objective and the constraints.

Infinite Dimensional (Control) Programming: This is an optimal contral
problem. Imagine you want the best trajectory (minimum energy) for a rocket
ship to get to the moon.

po = min, J(u) = 2 ()| 5.02/(t) = A@W)a(t) +b(O)ut), 2(to) = 20, 2(1) > c.

Can use the fundamental solution matrix ®. Every solution x(¢1) can be
written as the sum of ®(¢y,tp)z(tp) and an integral operator KC,,.
We now have a convex program

min J(k)s.t.Ku > d

Here, d is finite-dimensional. We're going to again to a Lagrangian relaxation.
We add the constraint using A of same dimension as d.

_ - T _
#o = Tnax mum{J(u) + A (d - Ku)}



As before, this finds a lower bound, so we look for a best lower bound. We have
a hidden constraint here as well. And J(u) is a quadratic, so we can explicitly
solve for u. The solution for wu is

u,(t) = XD (1, 1)b(2).

ux(t) is a critical point. Because our function is convex, we’re guaranteed that
our solution is a minimum.
The K can come to the other side as an adjoint. We end up with a simple
finite-dimensional QP:
=max A" QX+ \Td
Ho = max QA+

Here, by using Lagrangian duality, we don’t need to discretize here. This is
what is done for a lot of real-life problems.

In this problem, we have a zero duality gap. When you don’t have a zero
duality gap, you won’t solve your original problem. This example is from Lu-
enberger.

3 MatLAB

Check out the video on the origins of MatLAB, with Cleve Moler.
We are going to use MOSEK, so you have to add it to your path. Find
startup.m and you can add the lines:

addpath /usr/msri/mathsw/mosek/4/toolbox/examp -end
addpath /usr/msri/mathsw/mosek/4/toolbox/r2006b -end

Create a simple vector
a=[12345614345]

Can add 2 to every element of a:
b=a+2

Plotting is easy. plot b made the line and grid on made the grid. Next is
a bar graph. There are interactive (as opposed to command-line) ways to get
many of these features to work too. Can create matrices:

A=1T[120;25-1; 4 10 -1]

turns into
1 2 0
2 5 -1
4 10 -1

Can take transpose, or multiply matrices together. To do point-wise multi-
plication, write



C=A .xB

This is called the Hadamard product. One can use a Hadamard product to
represent weights.
Finding inverses is easy:

X = inv(A)

Can find eigenvalues with eig(A). Can do an SVD decomposition of a matrix
A by running svd(A). (Aside on SVD.)

poly(A) will give the coefficients of the characteristic polynomial p4(t) of a
square matrix A.

conv produces a convolution.

Within the GUI, you can right-click on a vector to do things (such as plot)
with it. Without the GUI workspace, you can type whos. For he commands
loaded, you can type what. You can type clear to clear your workspace. You
can work with complex arithmetic. Type clear A to just get rid of A.

One of the nice things about MatLAB is solving a system of equations. Solve
by typing x = A\b. This works by Gaussian elimination. We have a demo here
and our first assignment. We examine Asolve.m. We will solve using inv, then
with the slash, then solve by LU, and also with linsolve. Running, we had

>> Asolve

Generate random data for A,x and b=Ax, with n= 2000

Solve by x = inv(A)*b:

Elapsed time is 7.466549 seconds.
residual 3.402e-09

error 8.0865e-11

Solve by x = A\b:

Elapsed time is 3.228165 seconds.
residual 1.6859e-10

error 2.265le-11

Solve by [L,U,PI1=1u(A); x=U\(L\b):
Elapsed time is 2.913590 seconds.
residual 1.6859e-10

error 2.265le-11

linsolve with [L,U,P]=1u(A):
Elapsed time is 2.891677 seconds.
residual 1.6859e-10

error 2.2651e-11



We can use runAS.m, which does the same thing but starts up a profile. See
this file:

clear all
profile on
Asolve

profile report

This program helps to show the bottlenecks in your computation. Then we
have Aoneseps.m. This script will make a special matrix.

1 1
1 0 1

A= 1 1

—_ ..

Then, we’ll shake it with a small e:
Aeps = A + pert

Then, we’ll look at x = A\b to see ||Axz—b|| and xeps = Aeps\b and examine
[|Azeps — b]|.
Type

A = Aoneseps(30);

Why the discrepancy? The condition number of A was 40. Condition num-
ber 40 says that you may lose one decimal of accuracy, so this problem is well-
conditioned.

A small change to A doesn’t change the eigenvalues of A by much, so it’s
not about the condition number.

Gaussian elimination is not a stable process. Even for a 2 x 2 matrix

€ *

* L
Instead of pivoting on the small number, pivot on the large number.
MatLAB allows you to use Maple in MatLAB. You can use MatLAB syntax

to use Maple. Within the GUI help, see Toolboxes, then Symbolic Math.
Let’s consider the 5 x 5 (ill-conditioned) Hilbert matrix.

H = sym(hilb(5))

H is exact, so there are no decimal places. You get exact determinants. You
can get the characteristic polynomial, the inverse, factor.

Can show off using a symbol ¢, and creating a matrix that is a function of .
Other than pretty you can get MatLAB to give you the LaTeX of something
by typing latex of something.

10



Can type keyboard within your MatLAB script to get a new prompt K>>
where you can run commands from your code break.

Partial pivoting is not stable. Total pivoting is stable, but is too slow. Total
pivoting won’t break this problem that we have, so that’s a big hint for the
exercise. MatLAB has PCG, an iterative algorithm.

This perturbation analysis has become an entire area of research.

Discussion of Assignment 1: In the Gaussian elimination, the last column
will have the (sorted) powers of 2. The problem in partial pivoting is that
the absolute value of all of these numbers is 1. So, it doesn’t do any partial
pivoting. With the perturbation, you will be changing rows, and partial pivoting
does something, so you no longer go through the row in order.

Iterative methods work in a system Ax = b, with A sparse. Iterative methods
are based on taking a matrix-vector operation. In fact, if A is PSD, then the
iterative method (the Conjugate Gradient method) is based on:

1
min §\|Ax —b|)?

The iterative methods don’t try to solve the problem exactly, they just try
to make the residual small. The process of preconditioning tries to get the
eigenvalues close together.

[There will be more projects, on various topics: regularity and inverses,
dimension reduction, statistics, Euclidean distance problem and protein folding.]

4 MatLAB and MOSEK

MOSEK is free for students, and competes with CPLEX. A guided tour is
available as a link. MOSEK does not do SDP yet.

[The startup file is now called mystartup.m.]

If you add MOSEK, it will take control of several commands, so the optim
tool won’t work due to clash of keywords.

[SeDuMi is free from McMaster University. “Let SeDuMi seduce you.”]

4.1 Linear Programming

Let’s do a brief introduction to the simplex method and linear programming.
One famous problem is the “diet problem”: Suppose we have n foods and m
nutrients. For example, suppose that the foods are carrots, liver, etc. Suppose
the nutrients are Vitamin A, Vitamin B, calories, etc.

Let A;; be the number of units of nutrient ¢ per unit of food j. The other
data that we have is b;, which is the minimum number of units of nutrient 7 in
our diet. All that’s left is c¢;, which is the cost per unit of food j. Our decision
variable: Find z;, the number of units of food j in the optimal diet.

The primal problem (P) is to

p* = Minimize ¢’z = Z c;jx; subject to Az > b,z > 0.
J

11



Of course we want x > 0, we’re not bulimic. So, there’s nothing here for
taste!

George Dantzig visited John Von Neumann at Princeton. Dantzig got to
visit and discussed this problem. Von Neumann developed game theory, C*-
algebras, and something else. So, he explained game theory, and duality. This
led Dantzig to the simplex method.

In game theory, we have a player X. Maybe he’s a dietician, and there’s a
pay off function. And there’s a player Y. The payoff function is a Lagrangian:

L(z,y) = ¢’z +y" (b — Az)

The dietician is going to pay for the diet (c’x), but he’s also going to pay
for yT' (b — Ax). b — Ax is excess nutrients. So y has to be dollars per nutrient.
(Who is player Y'?) So,

" .
= minmax L(z
p >0 y>0 (@.y)

Why? There’s a hidden constraint: b — Az < 0. In other words,

L =
max (z,y)

Ty |if Ax >0
400 ,otherwise

If you're infeasible, it’s like having an automatic penalty, and so you want
to avoid that. The non-negative orthant is a self-dual cone. The y values are
the Lagrange multipliers. The y tell us the value of the nutrients.

What’s the dual problem? If we put the min before the max, we get this
obvious relationship (called Weak Duality):

>k = inL — bT T/, AT
P> max min (z,y) y+a (c y)
Really, what we’re doing with transpose is an adjoint. Recall (y, Az) =
(A*y,z).
Now, what’s the hidden constraint? Because we don’t want min L(z, y) to go
to negative infinity, no component of c— ATy can be negative. Thus, c—ATy > 0.
Thus,

d* = max{bTy : ATf < ¢,y >0}

This is the dual problem, and this is what led Dantzig to the simplex method.
[Player Y is a pill salesman. Let’s take a look at the units of y. Remember, it’s
a cost per nutrient. So, he has to decide how much the pills are worth. He’s
trying to give you a carrot substitute.]

For linear programming, p* = d*, if feasible, and both are attained. This is
called strong duality.

The purpose of this exercise was to show you the hidden constraint, which
often appears from Lagrangian relaxation.

12



Minimize T1 + 229
Subject to 4 <z +23<6
1 <o+

0 <mz,z9,23
We can put this in a standard form:

Minimize x1 + 229
Subject to z1+2x3<6
—x1 —x3 < —4
—r1 — X9 < —1
x>0

Now we have Az < b. Each one of the constraints in Az < b will have its
own Lagrange multiplier. The dual will look like

max{bTy : A® = ¢,y >0}

This one here is called standard form.

The term duality gap is used in several ways: either for your specific z,y or
for z*,y*. The simplex method works because of duality.

The MOSEK function msklpopt has its own form that has upper and lower
bounds for Az and for x. Input ¢ cost and a the A matrix. Each line in the
iteration output is a step of Newton’s method. What we're trying to do is to
get the primal and dual objective values to be equal. The number of iterations
grows very slowly. This is an interior point method. The solution is “purified”
at the end by finding the correct primal basis.

We argue that an optimum is found at a vertex. There may be a tie, but
an optimum is found at a corner point. That solution is called a basic feasible
solution. Then the program outputs the answer. sol is a new variable in our
MatLAB workspace. Find the answer in sol.bas.xx.

There are two dual variables; sol.bas.y. The dual problem is solved at the
same time.

How do we go from an infeasible point to a feasible point? There are some
equations that need to be satisfied by feasible points. As we iterate through the
equations, we force some of the equations to be satisfied.

We can try to prove complementary slackness. We can add a slack variable

Ar+2z=05b,z> 0.

Proposition 4.1. Note that x,y is optimal if and only if Ax + 2z = b,z > 0
(primal feasibility), ATy = ¢,y > 0 (dual feasibility), and ¢¥ — by = 0 (no
gap).

13



T T

Proof. Follow the string of equalities: 0 = ¢’z — b7y = T — (az + 2)Ty =
2T (c — ATy) — 2Ty if and only if 27y = 0 (called complementary slackness)
which is true iff z o y = 0 (Hadamard product). O

We have 2m+n variables, and we can replace the “zero gap” constraint with
complementary slackness: z oy = 0. There are tm + n equations. We can call
this entire system (make it homegenous in zero) a function F(x,y,z) = 0 (but
not the inequalities). Note,

F . RQm—Q—n N RQm—I—n

We solve it by Newton’s method.

Can also type help sedumi. The help tells you about the standard form
that you need to put the problem in.

We can also solve using mosekopt. Let’s look at the example 102.m.

[There are many different kinds of duals.]

In this problem, we note that x1 + 2x2 = 29 + (21 + x2) > x2 + 1, and this
gave us (in this example) a simple proof for this problem.

4.2 Convex Quadratic Optimization

In these packages, they always tell you that the @ has to be PSD. They only
have to be PSD on the feasible set.

Proposition 4.2. A matriz Q is positive definite if and only if all leading
principal minors (consider all upper-left square submatrices) are positive.

This does not extend to positive semidefinite. For PSD, you have to check
all minors. We can run the example qol.m.

The Gershgorin circle theorem identifies a region in the complex plane that
contains all the eigenvalues of a complex square matrix.

Proposition 4.3. (Gersgorin) The eigenvalues lie within the discs centered at
the diagonal entries a;;, with radius r;, where

n
ri =y lag|

i#]

This can be proved from diagonal dominance.

Quadratic programs have a Lagrangian dual, and it can be found the same
way as for linear programs.

The quadratic program

Minimize %mTQx +cTx
Subj Axr=1b

x>0
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We have
1
p* = minmax 27 Qx + 'z + yT (b — Az) = L(z,y)
x>0 y 2
And this is greater than or equal to the dual:

>df = in L
> mex min L(z, y)

We have to do things a little bit differently.

. L _ T
SRy ) mee
Now that we do this, we can use the hidden constraint idea. We have a
convex quadratic. There will be a minimum iff the gradient is zero. This is
called the Wolfe! dual. We add the (hidden) constraint underneath the max:

0=V.L(z,y) —w

If we have a quadratic g(x) (convex), and we have the Hessian @ = 0, then
we have

p* = ming(z)
Then, p* > —oo if and only if p* is attained (ie, 3 T such that p* = ¢(7)),
and this happens iff 0 = V¢(Z).
If our objective is ¢(z), what can go wrong? The gradient is just 0 = Vg(z) =
Qz + c. If Q > 0, then there is always an x given by

z=-Q ¢

But if @ > 0 is singular, we have to be lucky, and we need ¢ to be in the
range of Q.

We also have qo2.m, which shows how to build things up with a MatLAB
structure. Then, we can solve using mosekopt.

Duality is hiding behind all of our optimization problems. Go back to the
idea of the dietician and the pill-maker. There are certain algorithms that don’t
work like this: they stay primal feasible and use some kind of stochastic process.

Whenever you're dealing with a constraint, you can always penalize them in
this way using a Lagrange multiplier. That simple idea leads to a duality theory.
If you have a non-constrained problem, you don’t talk about this primal-dual
stuff.

We can look at an example using mosekopt as in the guided tour, section
7.5.3.

We go on to convex problems, and talk about the same idea. The interior
point methods are being used for general non-linear problems: it’s being used
for all problems, all models.

1 Phillip Wolfe was a mathematician at IBM. He stopped doing mathematics, started clean-
ing offices, and finally got fired.
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sprandsym will generate a random sparse symmetric matrix in MatLAB.
Use spy(A) to look at a schematic picture of the matrix.

r(l:n+l:end) = zeros(100,1); % replace diagonals of r with Os.
nnz(r) % shows number of nonzeroes.
spy (1)

MatLAB’s original command for linear programming is linprog. MOSEK
takes this over, but the syntax is the same. There’s also quadprog: See the
syntax in the MatLAB help again. Type help optimset to change options for
this problem. You get a structure of options in your workspace.

4.3 Conic Optimization

We saw one example where the relaxation for Max-Cut gave us an SDP. SDP
are a special case of conic optimization problems. We have a set C C R™. Then
C is a cone if A\C' C C for all A > 0. Sometimes, you can include the point zero,
as most books do. This means that C contains all half rays.

A cone C is a convex cone if C + C C C. Equivalently, C is a convex set.
In three dimensions, you can have polyhedral cones or non-polyhedral cones. A
cone is polyhedral if can be written as

C={z:Az <0}

This is the intersection of [linear] halfspaces. An example of a polyhedral
cone that we have been working with is the non-negative orthant R’. This
orthant gives us a partial order. We say z > 0 element-wise iff x € R’. Then,
we can say that x > y means x — y > 0. Often, the relation has the subscript:
2R -

Now, if we take K to be any closed convex cone (c.c.c. for short), then we
say rt > Otomean x € K,and z >g ymeansz —y > Oorxz —y € K.

A cone K is pointed if K N —K = {0}. This seems to be a requirement for
forming a partial order. Let’s just assume that our cone is pointed for now.

We can take a general optimization problem

st. gr(x) <0 k=1,....m
hj(.T)ZO j:L...p
)

we can write g(z) <gm and h(z) <{o}» 0. And these can be combined:

o= (1)

where K = R ® {0}, k(x) < 0.
Now, we can play this game again, with player X. We have min f(z) s.t.
g(z) <k 0, a K-convex function with = € €2, the convex set. Again, we have

irggmjxlj(a:,y) = f(z) + (y,9(x))
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The feasible set is the set {z € Q: g(x) <k 0}. That is, g(z) € — K.

We could have: minimize the trace of AXBX7T + CX7T and the constraints
are: g(X) = XTX —1 <gn 0, where S} is the cone of PSD matrices. Thus,
this is a function

The Lagrange multipliers? are sitting in the space of symmetric matrices, so the
Lagrange multipliers are matrices!

Within the max above, where does y live? In the dual cone (or polar cone).
I like the notation K+ as opposed to K*. This is:

Kti={peX*:{p,k) >0 Vke K}

This is all vectors making angles less than 90 degrees to all vectors in the
cone K. In R? is easiest to see. Note, we have

min max £(x) + (3. 9(@))

for the min-max statement.

Often in optimization problems, the collection of constraints are split up into
two kinds: the hard and easy ones. We should think of everything as infs and
sups, even in finite dimensions.

In the guided tour, we consider three kinds of cones:

e R cones
e Quadratic cone (Lorentz “ice cream” cone)
e Rotated quadratic cone
All of these cones are self-dual:
K=KT.

They also have non-empty interior, and they are proper, closed, and convex.
Subsection 7.6.2 gives us an example problem.

main T5 + Tg
st. xit+axot+axst+ay=1
x1, T2, 23,74 2 0,
x5 > /2t + 23
ze > /T3 + 3
A function g is K-convex if

glaxr + (1 - a)y] <k ag(z) + (1 — a)g(y)

2Lagrange multipliers are due to his supervisor Euler. Did you know that ’Hépital bought
his rule?
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for all 0 < a < 1 and for all z and y. Let’s see how this function relates to
ordinary convexity. This is the same as saying that

glaz + (1 —a)y] —ag(z) — (1 —a)g(y) € - K = —K*7

This is a generalization of Jensen’s inequality.
Because we are in K+, we can say: Let ¢ € K. Then define

go: X — R
by the rule

9o(7) = (p, g(az + (1 — a)y) —ag(z) — (1 —a)g(y)) <0

forall 0 <o < 1.

This is saying that the function g, (z) := (¢, g(x)) is convex for all p € K.
So, we can phrase K-convexity in terms of ordinary convexity. So instead of
writing g(z) <x 0 with the constraint: g,(z) <0 for all p € K.

Let’s follow the example cqol.m. A linear objective function will find a
solution on the boundary, so we saw that this solution has optimum on the
boundary of the cone. The only other possible place was on the non-negative
orthant.

4.4 Quadratic and Conic Optimization

MOSEK can handle quadratic constraints. The constraints are conic. Most of
these, you can replace these by a conic. cqo2.m is an example problem.

4.5 Dual Cones

Now, we can see the role of the dual cone C*. Examples of the dual cones are
on the self-guided tour.

4.6 Setting accuracy parameters

You can set these options using MatLAB commands.

4.7 Linear least squares and related norm

Can use the QP solver to solve the linear least squares problem on the || - ||2-
norm. In the examples, we look at the co-norm.

In the 1-norm, you’ll get lots of zeroes. Often times you want that. In
portfolios, you want the exact opposite of this behavior. They’re trying to
avoid the effects of the 1-norm by adding other constraints. But, they can’t
avoid this because they’re using CPLEX.
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4.8 Mixed Integer Problems

We can take a look mixed-integer constraints. If you build airplanes, you can’t
build have an airplane. Integer problems are very important, but very hard
to solve. Typically involve branch-and-bound methods, and cutting planes.
Typically they start with an LP relaxation.

We have an example program milol.m. These are very hard. You can find
problems with 15 variables that you can’t solve.

One of the interesting problems in this area is the quadratic assignment
problem. Suppose you had to build a university, but you don’t know where you
should build the buildings. There’s a cost in terms of building separation. It’s
quadratic because it’s number of people times a distance!

The NEOS site has problems up to size 9. Up until 1980, no one could solve
anything beyond 15 facilities and 15 locations. In 1980, someone did n = 16,
and three or four years ago, n = 30 was solved, related to VLSI design. This
problem is also related to chip design.

One n = 30 was solved on the system CONDOR in Minnesota. CONDOR
steals cycles around the world. They farmed out these jobs to thousands and
thousands of computers around the world. It was a combination of theory, and
it was SDP relaxation that provided a stronger bound. The bound was the big
problem in these branch-and-bound processes.

All 37 of us should send our QAP problem to NEOS. Maybe I'll get an e-mail

from them complaining.

4.9 Large Scale QP

In spgp.m, Let’s take blocks, and generate a random problem. We’ll solve this
using quadprog.

5 A word on convexity
A function A is convex if for all 0 < a < 1,
haz + (1 — a)y < ah(z) + (1 — a)h(y)

The nice thing about convexity is that we can just deal with a single parameter
t. If we draw the secant line, then we have that the function lives below the
secant line. In calculus, we call these concave up.

Another thing about convex functions: If we look at a level curve. The set

Lg={z:h(z) < g}

is a convex set.

For convex functions, the directions of decrease have derivative less than
ZEro.

Note, there are functions called pseudoconver, and function that are quasi-
convez. These don’t have as nice of a property in terms of the calculus. Their
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preimages are still convex. Puesdoconvex functions come up a lot in economics
(e.g., the sharp ratio). Quasiconvex functions also come up in economics.
Then, if we go to the generalization with K-convex:

G(l‘) SK 0

Then, these have the same properties. It’s just that you have to use the ap-
propriate inner product. We also are careful with what kinds of objects our
Lagrange multipliers are.

If g() is a vector, we just have y”g(z). So, we have yTg > 0 for all y > 0.
The set of convex functions forms a convex cone.

In the setting with G, the set

{2|G(z) <k 0} = {a|(p,G(2)) <0 Vo e KT} = () {z|(¢,G(x)) > 0}
peKt

Suppose you have a quadratic g(z) = %mTQx +bT2. Then q is convex iff
Q = 0. Then, we take a look at XTX — T <sn 0. It is not obvious at all that
this is K-convex. We'll leave this as an exercise to assign at the end of this
week.

Another project I'm going to add: If you remember, I wrote down an infinite-
dimensional example. Due to convexity, the infinite-dimensional problem was
changed into a very nice finite-dimensional problem. So, I'll record the details
of this, but those of you who may be interested should talk to me afterwards.
The question is that we have some interpolation conditions and we want to find
a function z(t) on some interval, say, [0,1]. x should satisfy some interpolation
conditions, e.g.:

1
0

for given ;(t). We also want that x(t) is convex. This is called best convex
interpolant. We want to find a function, but we only have a finite number of
constraints.

I’ll provide some details, but in the end, you're going to end up with the
best cubic spline, the convex interpolant for this problem. It’s very easy to
work with the dual for this problem, and easy to get a solution from Newton’s
method, of course. Note that © € L]0, 1] must hold. In the end, by doing a
best-interpolation, we’re going to be minimizing the norm ||z(¢)||, subject to
some appropriate details.

5.1 Large scale problems

We're going to modify spgp.m. From the GUI, we can remove MOSEK from
the path. To check if MOSEK is in the path, we can try to run mosekopt. Now,
quadprog is taken over by MatLAB. Even a small problem (which took no time
on MOSEK) took 1.644 seconds. At k = 10,¢t = 40, the program embedded in
MatLAB had no trouble. Let’s try larger k and t.
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MatLAB runs this on an “active set” method. This is akin to the simplex
method traversing from vertex to vertex. MatLAB has optimtool which starts
up a GUI interface to the optimization tools.

MatLAB does automatic differentiation. Maple does symbolic differentia-
tion. Automatic differentiation: If you have a black box (a file with computer
code), the function differentiates your software, and it does it efficiently.

You can download the automatic differentiation tools. They're available
online as public domain. People made errors entering the differentiations.

6 Convex sets

Convex analysis is a beautiful area, studied independently. This is in the core
of our interior point revolution.

6.1 Introduction

The simplest kind of set is an affine set. An affine set contains the line through
any two distinct points in the set. This affine combination is an unbounded
version of a convex combination. Our familiar example is the solution set of
linear equations. In fact, every affine set can be described this way.

A convex set contains all line segments. For the points z1, ..., T, a convex
combination is the set of all points

z=0121 + 0329 + -+ Opxp

where > 6; = 1, §; > 0. The convex hull of the set S is the smallest convex
set containing S. A convex hull does not have to be a closed set. Consider a
polygon, for example, missing an edge.

We can look at convex cones. Here, we allow the scalars to be any non-
negative, and we don’t worry about summing to 1.

A hyperplane is a set of the form

{zlaz = b}(a # 0)
A halfspace is a set of the form
{e]aTz < bH(a #0)

A hyperplane is the boundary of a halfspace. Halfspaces come with a normal
vector (that we will label a). Hyperplanes are affine and convex. Halfspaces are
convex.

The (Euclidean) ball with center z. and radius r can be written in two ways:

B(xze,r) ={z | |[v —zc|l2 <7} ={zc +ru | ||ull <1}
An ellipsoid is a set of the form

{z | (z - z) TP Yz —x.) < 1}
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with P € 8" | (ie, P is symmetric positive definite).

If WIW = 0 if and only if W is non-singular. We're really looking at
l[ul|?2, = [[Wul?> = «T(WTW)u. Here, we set P~ = WTW. The other
representation is

{ze + Au | ||ullz <1}

where A is square and non-singular. (The A is the scale.)

A norm ball with center z. and radius r is {z : ||z — z.|| < r}. A norm cone
is {(z,1) : ||z|| < t}. This is the second-order cone when the Euclidean norm is
used. MOSEK can handle these cones.

6.2 Polyhedra

A polyhedral set is the intersection of a finite number of halfspaces.

6.3 Positive semidefinite cone

e S™ is the set of symmetric n X n matrices.
e S” is the positive semidefinite matrices. This is a convex cone.

e S is the positive definite matrices.

For 2 x 2 matrices, this looks like an ice cream cone. This can be seen by
the definition for positive semidefinite matrices using the inner product with I.
The symmetric 2 X 2 matrix
x oz
z y

is positive semidefinite under what conditions? (X,I) = tr(XI) = tr(X) =
x +y. Thus,
(X, 1)
cosOx 1= o
X (]
= X = 0iff zy — 22 > 0. We have here all matrices that make an angle of less
that 45 degrees with I. This is why this cone is self-dual/polar.

Why can’t we use this argument in higher dimensions? We still have the
angle conditions, don’t we? It doesn’t characterize positive semidefiniteness in
higher dimension.

What can we say if 6x ; < 45 degrees? That is ¢r(X) > 0 and the cosine

. X,I . .
angle formula gives m > \% Squaring both sides, we get

(tr(X2))tr(1)

(tr(X)?) > ;

What does it mean that the trace of X is greater than or equal to zero?

(tr(X))* = [IX[P|I1|* = (trX*)n
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This is the same as saying that

(tr(X)?)

tr(X?)

>
n >

Can we prove that the semidefinite cone is self-polar? S is the cone of
positive semidefinite matrices. Now,

ST ={YesS": (X,)Y)=tr(XTY)=tr(XY) >0V X = 0}

Let’s show that this is equal to S . Let’s start with a matrix ¥ = 0 and X = 0.
Then, t7(XY) =?. You can always do a Cholesky decomposition X = LLT.
(Sn))/+2 0 iff 27Yz > 0Vz. Thus, y" LY FLy) = (Ly)"Y(Ly) > 0. So, ST C
)T
To show (S7)* C S, let Y € (S7)T, that is, tr(YX) > 0 for all X > 0. By
contradiction, suppose Y = PDy PT and

A1
Dy =
An
And suppose that the smallest eigenvalue A,, < 0.
Let
A1
X=P PT >0

An

Then tr(Y X) = tr