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1 The Best Interpolation Problem

Consider the problem of minimizing the functional

1
I(u) :J u?(t) dt (1.1)
0
over the admissible set
A ={uel?0,1]:](u) =C}, (1.2)

where the vector valued linear function J : LZ[O, 1] — R™ is defined to be

1

T = T(w) = L Prtu(t) dt (1.3)

for given functions P € L2[0,1]. The vector C € R™ belongs to the range of J, i.e. C; =
fé Pi(t)R(t) dt for some R € L2[0,1].

Note that the admissible set A is convex, closed and nonempty. The existence of minimum of
the functional 1 over the set A follows from the existence of the closest point to the origin in the
closed convex set A  LZ[0, 1].

References for such problems are in books such as: [6, 3, 1, 4, 5]

2 A Necessary Condition for the Minimizer. The Exact Solution

We will derive a necessary condition for a function u € A to be a minimum.

Theorem 2.1 (Lagrange Multipliers Rule) Suppose that the set of constraints J(u) = C in
minimization problem
minI(u) subject to ueA (2.1)
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satisfies the following property. There exists a set of L?[0,1] functions wi, ..., wn such that the
matriz Y € R™™ with the components

1
Yy = Jilw;) = Jo Pi(t)wj(t) dt (2.2)

18 nonsingular.
Suppose that w € A is a solution of problem (2.1). Then there exists a vector A € R™ such that
for every v € L2[0,1]

1 1
J u(t)v(t) dt = Z Aj J ¥j(t)v(t) dt. (2.3)
Proof. This proof uses the idea from the proof of theorem 2 from chapter 8.4 of the book

”Partial Differential equations” by L. C. Evans [2].
Let v € L2[0,1]. Consider the function j : R™! — R™ with components

jk(t,o1,...,0n) = Jk(tv+owi+ ...+ onwn) (2.4)
1
= Jo P (t)(tv(t) + orwi(t) + ... + onwn(t)) dt, (2.5)
where k =1, ..., n and the functions wy, ... wy € L?[0, 1] satisfy the condition from the hypothesis.

Note that j(0,...,0) =0 € R™ and D4j(0,...,0) = Y is nonsingular. Therefore, by the Implicit
Function Theorem, there exists a differentiable function ¢ : R — R™ defined in a neighborhood
Q ={t € R:|1| < 19} of the origin such that

(T, (1) =0 (2:6)
for all T € Q. Moreover,
$'(0) = —[Dgj(0,...,0)] 'D4j(0,...,0) = =YD, (2.7)

where b € R™ is the vector with the components by = f(]) VP (t)v(t) dt. Now, consider the variation
u—+ v+ &(1) - w of the function u. Because J(u+ ™+ (1) - w) = J(u) +j(T,d(7)) = C, this
vatiation belongs to the admissible set A. Therefore, the function i(7) := I(u + ™ + ¢(7T) - W)
attains its local minimum at the origin, which implies the equality i’(0) = 0. The latter equality
can be recast in the form

1
J u(t)(v(t) + ¢’(0) - w(t)) dt =0.

0
Hence,
1 1
J u(t)v(t) dt = —J ¢’(0) - w(t) dt (2.8)
0 0
Using expression (2.7) for ¢’(0), we find that
n n 1
$'0) - w==YTo.-w=— Z Z[Y_1]ii JO Pj(s)v(s) dswj. (2.9)

i=1 i=1



Substituting this expression into equation (2.8), we obtain

1 1T nn 1
— —1 .
Lu(t)v(t)dt = L;;[Y ]I]Jolj)](s)v(s)wl(t)dsdt
n .1 n 1
= 3| v it e | wilsvis) s (210)
=170 iz 0

f w(t)v(t) dt = i A f P;(t)v(t) dt (2.11)

as required.

Remark 2.2 The latter theorem holds if we assume that the functions Vi, 1 =1,...,k, are such
that their Gramm matriz Y = {({i, ;)2 [0)1]}{;.:1 s monsingular.

Corollary 2.3 Suppose that the Gramm matriz Y of the constraint functions Py given by Y =
{1, P5) 12 [0)1]}{;-:1 18 nonsingular. Then there exists a unique minimizer of the functional 1 in the
admissible set A.
Moreover, the constant vector N = (A1,...,An)" satisfying relation (2.3) from the previous
theorem is given by the formula
A=Y7'C,

where C = (Cq,...,Cn)".
The minimum of the functional 1 over the admissible set A is given by the formula

Lin = minI(u) = CTY"'C
ucA

and is attained on the function w= ) i ; AM\pi, where A = Y-'C.

Proof. As it was already mentioned, the existence of a minimizer follows from the fact that the
admissible set A is a nonempty closed convex set: there exists a closest point to the origin in A.

Let us prove the uniqueness. Suppose that u;,u, € A minimize the functional I over A. Then
I(ug) = I(uz) = Linin. Let us apply theorem 2.1 to the function u;. There exists A € R™ such that
for all v € 1.2[0, 1]

1 n 1
J wi(thv(t)dt =) A J Pi(t)v(t) dt. (2.12)
i=1 Y0

0

Set v =V, then

1 n 1
[RUCINEEES s BT
i=1

0



for k =1,...,m or, equivalently,
YA=C,

which proves that A = Y~'C.
By repeating the same argument for u,, we obtain that

1 n 1
J W (t)v(t) dtzZ?\iJ Pi(t)v(t) dt (2.13)
i—1 Y0

0

for all v 6 L2[0, 1], Where A = Y7 'C. Comparing equations (2.12) and (2.13), we conclude that
f% t)dt = fo ux(t)v(t) dt for all v € L2[0,1], which implies that u; = u, as functions in
L[ almost everywhere). By setting v =uy in (2.12), we obtain

1

n
Lo = Tur) = [ wdilae= 3 aci= vl
0 i

It remains to check that u =Y ' ; Aj; is the unique minimizer of I in the admissible set A. It
is easy to see that u € A. Indeed,

1
Jo Pr(thu(t) dt = Z AiYy = Cy.

i=In
The value of the functional I on u is
1 n
) = JO(Z A ()% dt (2.14)
N
= > > Yyl (2.15)
i=1 j=1

Substituting A = Y~'C into the latter equality, it is easy to obtain that
I(u) =CTY7'C = L.

The proof is complete.

|

Example 2.4 The Ezxact Solution for the Case of One C’onstmmt
Consider the pmblem of minimizing the functional 1(u fo t) dt over the admissible set
= {u e 120, 1] Io t)dt = C}, where 0 # ) € LZ[O 1] and C = fo R(t) dt for some

R € LZ[O, 1]. Without loss of genemlzty, assume that C > 0. By corollary 2.3, the followmg lemma
holds.



Lemma 2.5 Consider the optimization problem (2.1), where the admissible set

A={uel?0,1]: J] P(t)u(t) dt = C}
0

with 0 # P € 12[0,1] and C = [JW(t)R(t)dt > 0. Then the function u = Ww minimizes the
2

functional 1 over the admissible set A.

It is easy to prove the lemma without using corollary 2.3 or theorem 2.1. Indeed, for u = Wd}
2

we have that I(u) = I(Wd}) € On the other hand, for everyw € A the following inequality
2

~ I3
holds: :

1 1
C :J B(t)w(t) dt < (J w2 (t) dt)VZ(J V() dt)'?, (2.16)
0 0

0

Recall that C > 0 (we have assumed it in the beginning; we can always recast the problem to an
equivalent one with C > 0). Hence, squaring inequality (2.16), we obtain

CZ 1
[(uW=—""— <| wW2t)dt =1I(w)
[ow2(t)dt ~ Jo
0
for all w € A, which proves that uw = Ww is the global minimum of 1 over the admissible set A.
2
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