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Abstract

The mean-variance model has been enjoying high popularity among investors as a crucial
portfolio construction tool. Unfortunately, there are a number of theoretical drawbacks
that the model suffers from; one commonly criticized aspect is that variance is hardly
adequate as a risk measure and does not distinguish downside risk from upside uncertainty.
An expected-utility model using S-shaped utility function to strike a balance between the
twin goals of minimizing risk and maximizing return has been gaining attention as an
alternative option that provides a more realistic description of investors’ risk perception.
This exposition looks into the Mathematical groundwork for the problem formulation and
describes two major methods for solving the resultant optimization problem: a variant of

active set method and a smoothing technique.
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Chapter 1

Introduction

1.1 Outline

The celebrated portfolio optimization problem — allocation of wealth to different invest-
ment instruments in order to achieve the often conflicting twin goals of maximizing ex-
pected returns and minimizing exposed risk — received its first Mathematical treatment
in 1950s from Markowitz [I5]. Since then, variance of returns of available instruments
has been widely used as a risk measure, reducing the portfolio optimization problem to a

linearly constrained quadratic program:

1
max plae — =zl Sz
x
s.t. Az <b

where p is the vector of expected returns of all available instruments, ¥ the covariance
matrix, the inequality system Az < b collecting some practical constraints such as budget

constraint, and 1/t (with ¢ > 0) the risk aversion parameter.

On top of the simplicity of modeling, one reason for the popularity of the mean-variance
approach is that the resultant quadratic program can be solved quickly by existing algo-
rithms, for instance active set methods and more recently interior-point methods. Nonethe-

less, the simplicity of the mean-variance approach also causes some major drawbacks to



the modeling of the portfolio optimization problem. One of the shortfalls is that gain and
loss of the same magnitude are viewed as equally risky, which is empirically not true (see,
for example, [12]), and this is not accounted for by a risk measure like variance which is

symmetric in nature.

To emphasize the importance of downside risk — the undesirable uncertainty of hav-
ing portfolio returns below an acceptable threshold — in the choice of portfolio, some
alternative models have been proposed over the years. An increasingly popular model
is to view portfolio optimization problem as a expected-utility maximization problem:
the utility function is used to take into account both the returns of a portfolio and the
risk associated with it. In fact, mean-variance model is a special instance of expected-
utility maximization problem. It has been proposed that an S-shaped utility function
with suitable properties could more accurately describe the risk perception. Interestingly,
the problem of minimizing conditional value-at-risk, whose proxy has a piecewise linear

objective function [20], falls into the class of optimization problem.

While this reference-dependent utility model might be closer to reality, the equivalent min-
imization problem becomes a non-convex one. To be able to apply the model in practice,
efficient algorithms for this class of optimization problems are necessary. On top of the
non-convexity of the objective function, another issue is the size of problem: the expected
utility is often taken to be a weighted average of huge number of scenarios, which could
be drawn from historical data, for example. Several different classes of techniques are
available to deal with these aspects; two mainstream methods will be introduced in this

essay.

The essay is organized as follows. Chapter 2 explains the derivation of the optimization
problem of interest. Chapter 3 describes an active set method for solving the optimization

problem. Chapter 4 outlines a smoothing technique as an alternative.



1.2 Notations

R, stands for the set of non-negative real numbers, and R, stands for the set of positive

real numbers.

All vectors in this essay are column vectors. 1 stands for the vector of all ones (and its di-

mension is implied from the context). Entries of a vector y € R™ are indexed by subscript

in the form y; (¢ = 1,...,n). For any n-vectors a and b, a > b and a > b respectively
mean a; > b; and a; > b; fori =1,...,n.

For any real number ¢, [t]* := max{0,¢} and [t]” := max{0, —t} denote the positive and
negative parts of ¢ respectively. For any vector z = (21, ... ,zn)T € R", the n-vectors [z]T

and [z]” are defined such that the i-th entry of the vector [z]T € R™ is given by [z]™, and

similarly the i-th entry of [z]~ € R™ is given by [z] ™.

Iterates in an algorithm are indexed by superscript. For instance 27/ may refer to the j-th

iterate generated by an algorithm.



Chapter 2

Portfolio Optimization: A New

Perspective

2.1 Background

The portfolio optimization problem is classically posed as follows: given one unit of wealth,
what is the optimal proportion of investment (which is called portfolio) in different assets
such that the total return is maximized and exposed risk is minimized? Several difficulties
in answering this question arise. First of all, these two goals are often in conflict with
one another. Moreover, risk is a subjective concept: quite often two different persons may
have different risk perception towards the same portfolio. Finally, how should an abstract

quality as risk be quantified?

In the framework of single-period portfolio selection problem, Markowitz [13][14] proposed
to use the variance of the portfolio as a risk measure: in a universe of n assets, the vector
r € R™ of returns at the end of the period is unknown to the investor at the time of decision,
so r is assumed to be a random vector (following some probability distribution P); the
expected return and variance of a fixed portfolio € R™ are given respectively by p” z and
2Tz, where p := EP(r) is the vector of expected returns and ¥ := [E((r; — ;) (r; —
11;))]ij is the covariance matrix. With risk aversion parameter 1/t (where t > 0), the risk

of the portfolio  is taken as (1/t)z” $2. The celebrated mean-variance model for portfolio



choice is to maximize the quantity u”z — % 2T ¥z under certain constraints (such as bound
constraints on the holding of each asset and the budget constraint). The constraints
are assumed to be linear, and are collectively represented in the linear inequality system
Az < b for some matrix A and vector b. Therefore the mean-variance model can be posed
as follows:
1
max plae — =2’ Sa
@ ¢ (2.1)
s.t. Az <b

This model falls under the more general framework of utility maximization model: suppose
an agent would like to maximize his expected utility f(-), which depends solely on the
return of his portfolio, by choosing an optimal portfolio under the same set of constraints

as above. Mathematically, he is solving the optimization problem
max EF(f(r'z))
x

st. Az < b

If his utility function happens to be f(r’z) = rTz — (1/t)(rTz — p"'z)?, then

1
B (e — (1/)(7w = pT2)?) = pTa =SB (3 (= i)y — )
ivj_]-:' )T
T 1
=0 r—- Z EZJ.’L'zl']
i,j=1,...,n
=ule— 2T

which is the same as the objective function in the mean-variance model.

In the quest of a risk measure that conforms to realistic risk perception in a better way,
a growing number of literature (see [1], [3], [7], [8], [11], [22] and references therein) sup-
ports the view that a realistic utility function should display two features that have been
omitted in neo-classical utility theory. First, an individual’s utility is reference-dependent
in the sense that marginal utility is decreasing only when a threshold (of portfolio returns

in this case) is surpassed. Second, downside return (a return that is below the threshold)



is more seriously penalized than upside return of the same magnitude (with respect to the

threshold).

Consequently, an S-shaped utility function, rather than neo-classical utility functions (such
as power utility functions which unconditionally display diminishing marginal utility) or
quadratic utility function (as in the case of mean-variance analysis), should be used in the
optimization problem . The underlying idea of an S-shaped, or rather convex-concave,
utility function is that, in a given scenario, there is a threshold (which corresponds to the
deflection point of the utility function) around which an individual is more sensitive to
small changes, which means that incremental perceived risk is greater when that change
is near that threshold. Moreover, the S-shaped utility function is not symmetric, in order

to reflect the asymmetric penalization of downside risk. (See Figure [2.1})

Assume that the agent’s constraints are given by linear inequalities; the set of feasible
portfolios is given by

R={x eR": Az <b}
where A is an m X n matrix and b is an m-vector. This may include common trade re-
strictions such as budget constraint (that is, 172 = 1), no-short-sell constraints (that is,
x > 0) or some other bound constraints. Because of these restrictions, R is normally a

bounded set.

2.2 Generic downside-risk averse utility function

Generic reference-dependent utility functiorﬂ of the agent is defined as a linear translation

of the function

'Reference-dependent utility function is introduced by Kahneman and Tversky as one of the central
ingredients of prospect theory ([12], currently the most cited paper in Econometrica). In their paper the
authors called this value function.



f(y)

Figure 2.1: S-shaped utility function.



(¢ ift>0
=4 - (2.2)
—f7(=t) ift<0

=7 = £ (1) (2:3)
where f*, f~ : R, — R satisfy the following properties:

(P1) Monotonic utility and diminishing margin: f*, f~ : Ry — R are concave and strictly

increasing.
(P2) Continuity at kink point: f*(0) =0= f~(0).
(P3) Downside-risk aversion property: f(y)+ f(—y) < f(x)+ f(—z) whenever y > z > 0.

Zero is taken as the reference point for this utility function, and f*, f~ : R, — R corre-
spond to the utility of the agent derived from “gain” and “loss” (with respect to the refer-
ence point). The mathematical expression of downside-risk aversion property is adopted
from [12], depicting the attitude that a wider “symmetric” difference from the reference
point leads to a lower overall utility level. Observe that f so defined is a convex-concave

function, with zero being the inflection point.

If, in particular, f*, f~ are twice differentiable on R, then

(1) (f7), (f7) > 0and (fF)",(f7)" <0 onRiy; and

(2) (f")(y) < (f7)(y) for all y > 0. (In particular, the reference point zero attains the
largest slope of f.)

2.3 Portfolio optimization via downside-risk aversion

With the generic utility function defined, the next step is to put (2.1) in a tractable
form. Since the probability distribution P is not known in general, the expected utility is
computed as follows: suppose there are S possible states or scenarios (which could come

from historical data or Monte Carlo simulations, for example). A weight 7 is given to each



state s, and the return vector of all assets at state s is given by ry (to avoid peculiarity,
assume that rs # 0 for all s). The utility function of the agent at state s is given by
fs : R — R with reference point 95 is defined via some functions f;, f; : R — R that

satisfy (P1) to (P3):

+ A . N

Fulys) = I (ys ys) + ¢ if ys > 9s (2.4)
—fs (_(ys - gs)) +eos  ifys < s

= f:([ys - ?)s]+) - fs_([ys - ﬁgs]_) +cs (2'5)

where the constant ¢, is the level of utility at the reference point at state s.

The expected utility is simply the weighted sum of utility functions of all states; the

canonical portfolio optimization problem can be posed as

S
max Zwsfs(rsTm) st. Az <b. (2.6)
s=1

There are several ways of solving . One mainstream strategy is to introduce new
variables to convert the problem into an equivalent convex program; in the special case
where the utility function is piecewise linear (or quadratic), it is possible to obtain an
equivalent linear program (respectively quadratic program). Subsequently it is possible to
employ existing general-purpose LP/QP algorithms (for example active set methods, inte-
rior point methods) to solve the lifted problem (that is, a new problem that is equivalent
to the original one and that is obtained by introducing some more new variables — in this
sense the original problem is lifted to a higher dimension), or to employ some specialized
algorithms that circumvent the difficulty of dealing with the excessive amount of variables

resulting from the lifting, by exploiting the structure of the new problem.



2.4 Conditional value at risk: an incidentally similar con-

cept

Incidentally, minimization of conditional value-at-risk (CVaR), an investment decision
problem related to portfolio optimization, can be formulated as a special instance of .
CVaR is a risk measure that is gaining more and more attention due to its nice theoretical
and mathematical characteristics. Specifically, CVaR is a coherent risk measure and, if the
loss as a function of portfolio is convex, CVaR is a convex function of portfolio [I7]. Conse-
quently, minimization of CVaR could indeed be formulated as a convex program problem,
provided that a convex loss function is chosen and that the feasible region is convex [20)].
Loosely speaking, CVaR minimization problem can be viewed as an expected-utility max-
imization problem, with an appropriate choice of utility function. What is interesting is

that the formulation of CVaR minimization problem happens to be a special case of (2.6)).

The definition of CVaR is, as the name implies, conditional with respect to value at risk
(VaR). Some terminology is needed for the definitions of VaR and CVaR. Let f(z,y) (the
loss function) be the loss of the portfolio 2 € R™ associated with random vector y € R,
which accounts for uncertainty in the model (therefore f(z,-) is a random variable too). y
is assumed to follow a certain probability distribution characterized by probability density
function p(-). For a given portfolio, the probability that the loss does not exceed a threshold

« is given by

Pz, a) = / p(y)dy
flzy)<

To ensure the subsequent mathematical concepts make sense, ® is assumed to be every-

where continuous with respect to the second argument.

The -VaR associated with a portfolio x is defined to be the lowest threshold ag(x) such
that with a probability 3, the portfolio would not incur loss above ag(x):

ag(z) :=inf{a e R: ®(z,a) > [} (2.7)

Note that since ®(z,-) is assumed to be continuous for every z, the level set {a € R :

®(z, ) > (B} is closed and the infimum is attained if it is finite.

10



p-VaR can be thought of as a mark that signifies the undesirable (1 — )-quantile corre-
sponding to “unacceptably” huge loss, so to speak. This mark itself, however, does not
provide any information about how huge the loss could be — on average — beyond this

unpleasant threshold, and this could render VaR a rather weak risk measure.

Therefore, 5-CVaR, or expected shortfall, is introduced to provide additional information:
if an unlucky investor lands on that (1 — 3)-quantile, on average how much would he lose?

Mathematically, CVaR is defined by

Pp(z) :

1
5 Flyply)dy
=B Jrwyzas@)

As can be seen, CVaR is simply the conditional expectation of loss given that the loss is
above VaR. It has been shown [20] that 8-CVaR can be computed by solving a convex

program:
¢p(z) = min Fp(z, a) , (2.8)

where

Fg(z,0) == a+ S [f(z,y) — o] Tp(y)dy (2.9)

is convex and continuously differentiable as a function of .
Even more surprisingly, the problem of minimizing CVaR has a nice equivalent form:

i = i F, . 2.10
A Sl (210

(Z, &) solves the problem on the right-hand side if and only if Z solves the problem on the
left-hand side and & attains the CVaR ¢3(z). Here the set of feasible portfolio is again
assumed to be given by R = {z : Az < b}.

The integral in (2.9) can be approximated most easily by a finite collection of samples

from the probability distribution: suppose y1,...,ys are randomly drawn samples from

11



the probability distribution, then (2.9) could be replaced by

- 1 S
Fa(z, ) 2=Oé+(1_5)5;[f(ﬂr,ys) —a]", (2.11)

which is a convex piecewise linear function of «, as a proxy in the computation of CVaR

in (23).

Assuming that all the uncertainty is represented by the vector of returns, whose probability
distribution is approximated by some samples r (s = 1,...,5), consider the case when
the loss function is simply given by (z,r) — —rTxz, the negative value of return of the
portfolio. Taking portfolio constraints into account, the minimization of CVaR formulated
in reduces to solving the following non-smooth convex program:
. 1 d T +
guo% a+ =93 ;[—rs r—a]” st Az <b. (2.12)

The objective function as a sum of o and piecewise linear function of (r;1)7 (z; @) is again

of the form (2.5)); consequently, methods described in subsequent chapters can solve CVaR

minimization problem too.

12



Chapter 3

Lifting and Active Set Method for

Piecewise Linear Case

3.1 The lifted problem

This chapter outlines an active set method for solving the canonical utility maximization

problem

max Zﬂsfs(rg:r) st. Az <b, (3.1)

where fs is piecewise differentiable (with respect to breakpoint gs) for all s = 1,...,S,

by lifting the problem to higher dimension, resulting in a convex program with linear

constraints. This chapter follows the treatment in [4].

Defining B € R®*" by BT := [r1,...,rs] and introducing new variable y = Bz € RS,
(3.1) is equivalent to the following problem:

maX Z 7Tsf9 ys

=(y1,.-,Ys)
s s s (3.2)

Z sfs ]+) - Zﬂsf;([ys - ys]i) + Zﬂ'scs
s=1 s=1

st. Az <b, y—Bx =0
Note that the objective function is in general only piecewise differentiable, and the refer-

13



ence points g5 are where the objective function is potentially non-differentiable; one way
to preclude non-differentiability from the objective function is to split each variable y;
into “positive” and “negative” parts with respect to the reference point g5, so that the

following relaxed problem may be obtained:

S S

max Y wofd (yd) = ) mfs (u7)

9,97,y s=1 s=1

st. yT—y =y—19 (3.3)
Ar <b, y—Bx =0

y Ly 20
The variable y in (3.3)) can be eliminated, so the problem can be rewritten as

S S
max Zﬂsfj(y:) - Zﬂsfs_(ys_)
z,y,y s=1 s=1

34
st. yT—y =Bx—79, Az <b 34

In general, the above problem is not equivalent to (3.2). In the special case when f; is a

linear function for s = 1,..., S, the relaxed problem is equivalent to the original one:

Proposition 3.1 Suppose f; is linear for s = 1,...,5. It follows that and
are equivalent: if (x,y,yT,y) is feasible for (3.4J!}, then (z,y,[y — 9], [y — 9]7) is also
feasible for and attains an objective value no less than that attained by (x,y,y*,y~).

Proof Suppose (z,y,y",y~) is feasible for (3.3). Then again (x,y, [y — 9", [y — §]7) is
also feasible for ([3.3). Moreover,

"Henceforth, by abuse of notation, if a = (a1,...,an)” € R™ and b = (by,...,b,)" € R™, then (a,b)
shall be understood as the column vector (a1, ..., am,b1,...,bn)".

14



S S
S om[f W) = £ )] = e [ (e — 9s)T) = £5 (s — 9s)7)]
s=1 s=1

S
=S m ) = £ e = )] = om0 = £ (e = 7))
5;1 p
<Y m S = lys = 97 = D mefs (s — s — 9s1)
s=1 S=
S Sl
:Zﬂ'sf;r(yj - [ys - Qs]+) - Zﬂsf;(y;r - [ys - QS]JF)
s=1 s=1

which is non-positive by property (P3). The first inequality follows from linearity of f;
and concavity of f: if y > [ys — 9s] T, then

[ ) = £ Qys = 9s1) _ [ = f570) _ £ = [ys = 3s]F)

yg— - [ys - gs]—i_ N y;_ -0 N y: - [ys - Qs]+

which implies f7 (y) — £ (lvs — 9s)7) < [ (yd — [ys — 0s]7); else yf = [ys — gs] T, which

implies [ (y3") = £ ([ys — 9] ") = 0= f5(0) = £ (w3 = [ys — 4] ). O

Remark. Note that because of property (P3), when f; are all linear, (3.3) has a concave

objective function, so (3.2) is trivially equivalent to a convex program.

Even though the lifted problem has nice properties (convex and smooth), the problem
size grows enormously as the number of scenarios S increases and becomes more and more
expensive to solve if general-purpose solvers are directly applied on . [4] proposed an
active set algorithm that, by exploiting duality, circumvents the explicit computations of
yT, y~ except at degenerate iterations, so that the number of scenarios (which is normally
much larger than the number of stocks, that is, the length of n) used does not seriously

undermine the efficiency of the algorithm.

15



3.2 Piecewise linear case and duality

This section considers some theoretical aspects in the special case when both f} and f.
are linear functions (for s = 1,...,5). The observations will be the foundation for an
economical active set method proposed in [4], which circumvents the explicit computa-
tions of yT, y~, if the LP at hand is non-degenerate (that is, at every extreme point of
dimension n + 2S5, exactly n+ 2S5 constraints are active and their gradients are linearly in-

dependent). This and the forth-coming sections report some key features of this algorithm.

Suppose that for each s =1,...,.5,

ps'(t_ﬁs) ift—l}s >0
fs(t) = ; (3.5)

gs - (t—gs) ift—7gs<0
where g5 > ps > 0 for all 5E| (It is assumed without loss of generality that fs(gys) = 0 for
all s.) Define vectors p,§ € RS by ps := msps and §s := msqs for s = 1,...,S; then (3.4) is

equivalent to

min_ —p'y* +¢"y"

zyty
st. y"—y =Br—9g (3.6)
Az <b
y T >0
which is simply a linear program. Its dual is given by
max Mg—¢Thy
t. ATe —BT) =
s ¢ (3.7)
PSAS(q
£=20,

where the free vector A and non-negative variable £ in the dual correspond respectively

?Here the property (P3) is relaxed slightly: strict inequality gs > ps is not enforced here, as the
subsequently discussion and algorithms also apply on the more general case when equality is allowed.

16



to the equality constraint y© — y~ = Bz — § and the inequality constraint Az < b in the
primal. If R = {z : Az < b} is nonempty compact, has an optimal solution (and so
does ) By complementary slackness, (z,y™",y~) is an optimal solution of if and
only if the Karush-Kuhn-Tucker (KKT) conditions hold:

(1) Primal feasibility. y© —y~ = Bx — 4, Az < b, and y*, y~ > 0;
(2) there exist &, A\ such that

(a) Dual feasibility. AT¢ — BTX=0,p< X< ¢, and £ > 0.

(b) Complementary slackness. £7'(Ax—b) =0, (A—p)Tyt =0and (§—\)Ty~ =0.

The KKT conditions can be rephrased in terms of linear systems which will be useful when

active set methods are applied on (3.5). For any x feasible for (3.6]), define active sets

where a; denotes the i-th row of A and b; the i-th entry of b. (Recall BT = [rq,...,r5].)

Observe that a feasible point (z, [Bx — §]™, [Bx — y] ™) is a non-degenerate extreme point
of the feasible region of if and only if |K(z)| + |J(x)| = n and the vectors {a; : i €
K(x)YU{rs : s € J(x)} are linearly independent: (x,y*,y~) € R**2% is a non-degenerate
extreme point if and only if exactly n + 25 constraints are active at this point and they
have linearly independent gradients. Since there are S equality constraints in the system
(and their gradients are linearly independent) and S + |J(z)| sign constraints (for the
variables y™ and y~) are active at (z,y*,y ™), n+ 2S constraints are active at (x,y™,y™)
if and only if n — |J(x)| constraints from the inequality system Az < b are active, that
is, |K(z)] = n — |J(x)|. Since it is assumed that none of the vectors rs (s = 1,...,5)
is zero vector, the active constraints at (x,y™",y~) have linearly independent gradients
if and only if {a; : i € K(x)}U{rs : s € J(z)} is a linearly independent set of vec-
tors. More generally, since |K(z)| + |J(x)| + 2S5 constraints are active at a feasible point
(z,[Bx — g]*,[Bx — 9]7), (z,[Bx — §]",[Bx — §]7) is an extreme point if and only if
|K(x)| + |J(x)| > n and {a; : i € K(x)}J{rs : s € J(x)} contains n linearly independent

17



vectors.

Henceforth, (3.6) is assumed to be non-degenerate (see Section 3.6 for a further discussion
on degeneracy), so that each extreme point (z, [Bx — ¢|*, [Bx — §]~) of its feasible region

is non-degenerate and, consequently, |K (x)| + |J(z)| = n.

Let K(x) =: {i1,...,i|k(z)} and J(x) =: {81, ..., 8| j(z)(}; define H(z) to be the matrix of
active constraint gradients at x:

T T T T T
H(z)" = ai, - @y Tors o T )

Note that if (z,[Bx — g]T,[Bx — §]7) is a (non-degenerate) extreme point, then H(x)

T

is an invertible matrix by the above observation. Since iy € K(x), a; = b;, for each

k=1,...,|K(z)|; similarly, rg;:v = ys, for each j =1,...,[J(x)|. Hence,

. . T
H(-’E) .= [biN . ,bi‘K(zH,ysl, ey ysu(z)|]

The following result follows directly from the KKT conditions:

Proposition 3.2 For any T € R" satisfying AT < b, define H = H(Z), §y = Bz, §7 =
[y — 9" and y~ = [y — 9]~ ; then (Z,y",y ) is optimal for (@ if and only if the linear

system
&y
7 | Sk
H(SU) = Z TsPsTs + Z TsqsTs (38)
_)\51 5:Ys>Ys $:Ys<Ys
—Asi@)
has a solution (&, ... ,é‘K(i)‘ VR —S\SU@‘)T such that
&, >0, k=1, |K&)| and mps, <As; <Ts;qs;,5 =1,...,[J(Z)] . (3.9)

18



Proof If (z,y",y ) is optimal for (3.6)), then by the dual feasibility part of the KKT
theorem, there exist &, A such that meps < Ay < meqs for each s =1,...,5, £ >0, and

m

S
Zgiai—ZS\STSZO .
i=1 s=1

By the complementary slackness part of the KKT theorem, & = 0 for all i ¢ K (%), and
s ¢ J(z) implies either 75 > §s or 75 < Us. ¥s > Js implies Ay = msps, while Fs < s
implies A\; = Tsqs. By rearranging the terms, (3.8)) follows.

For the converse, it suffices to verify that the KKT conditions hold. Primal feasibility
follows by definition, so it remains to define & and A that satisfy dual feasibility and
complementary slackness. In fact, given the solution (&;,, ... ,g_i‘K@‘ S VU ) )z

Slr@|/ o

obtain & by setting the remaining components to zero:

&:=0 for i¢ K();

as for A, since for each s = 1,..., S, exactly one of the conditions (1) s € J(Z); (2) g+ > 0;

or (3) y; > 0 holds (by definitions of §+ and §~), obtain A from —Xg,...,—\ by

S1J(@)]

setting

_ msps if yF >0
Aj =
Tsqs if ys >0
Then the complementary slackness conditions and the inequalities in the dual feasibility

condition are immediately satisfied; the equality A7 i — BT\ = 0 also follows directly from
(3.8). Since the KKT conditions are sufficient for optimality of (3.6), (z,y%,77) is an
optimal solution of (3.6]). O

In particular, if (z,7",7~) is a non-degenerate feasible solution of , that is, at this
point exactly n 4+ 2S5 constraints with linearly independent gradients are active, then
K(z)+ J(z) = n and H(Z) is a n x n invertible matrix. Based on this observation, it
was proposed in [4] that one can iteratively compute the solutions of the system given by
and check if any of the bound constraints on the dual variables is violated: if

all are satisfied, an optimal solution is found, else a line search is performed to obtain a
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new feasible solution.

3.3 Active set algorithm

For the use of the following active set algorithm, assume that the feasible region R = {z €

R™ : Ax < b} for (2.6) is compactﬁ It is also assumed that (3.6)) is non-degenerate.
PHASE 1: COMPUTATION OF AN INITIAL FEASIBLE POINT FOR ([3.6])

Observe that an extreme point x of R corresponds to an extreme point in the feasible
region of . From the linear inequality system defining R alone there are n active con-
straints with linearly independent gradients; consequently, |K (z)|+ |J(x)| > n and from
the discussion in the last section, the feasible point (z,[Bz — ¢]|*, [Bx — g]™) for (3.6), in
particular, has at least n + 25 constraints being active at it, and exactly n + 2.5 of them
are linearly independent. (This can be explicitly given by the n inequalities from Ax < b,
the S equality constraints y™ —y~ = Bx — ¢ and the active sign constraints from y™ > 0,
y~ > 0. Note that under the assumption that is non-degenerate, for such an extreme
point x of R, J(x) must be an empty set, so exactly S of the sign constraints from y* > 0,

y~ > 0 are active.)

This gives a clue for constructing an initial point for solving (3.6)). Consider the auxiliary

problem

min  «a st. Az—-b<al,a>0 , (3.10)
(z,0)eRPH1

which has an initial feasible point (0, max{|b;| : i = 1,...,m}) (so (3.10) is always feasi-
ble). Since R is assumed to be non-empty, applying simplex method on this problem, for

instance, returns an optimal solution (950,0)@ and an optimal basis. It is known [5] that

3 As mentioned in Section 2.1, this is a reasonable assumption since in practice there are bound con-
straints on the holdings of each asset (such as no-short-sell constraints), and together with the budget
constraint the resultant feasible region is indeed a polytope. In particular, R possesses extreme points.

4As can be seen here, the prior knowledge that R is non-empty is not really necessary: the auxiliary
problem always has an optimal solution; the optimal value is 0 if and only if R is nonempty, since any
point x in R corresponds to a feasible point (z,0) for which is optimal (by the constraint o > 0).
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this information can be used to generate an extreme point 2° of R and the corresponding
optimal basis K, which is of cardinality n. Then (2°, [Bx® —g]*, [Bx® —]~) can be taken

as an initial point; take J° = 0.

PHASE 2: SOLVING (]3.6))

Given an extreme point (2%, (y™)?, (y7)?), suppose index sets K := K(z°) and J° :=
J(z%) of linearly independent active gradients such that |K°| + |J° = n are known.
List the elements K° =: {oz(l),...,ozloKo‘}, JO =: {a?‘Kolﬂ),...,ag} and replace J° by

{a +m:ad € J}.

In the algorithm proposed in [4] it is necessary to solve the system for the com-
putation of dual variables at each iteration. To improve efficiency, the algorithm works
directly with the inverse H(z7)~!'. H(2’) only needs to undergo a change in one row at
each iteration, the updating formula ¥ of H(2/*!)~! in terms of, H(z7)~!, index k of the

row of H(z7) that is replaced and the new row is explicitly known; see Appendix A.

The active set algorithm proposed in [4] is as follows:

Algorithm 1 Active Set Algorithm for the case when all extreme points are non-
degenerate[4]

J=0;
I —{a9,...,a0}
H® «— [hq, ..., hy)T where the i-th row h] of H? is defined by

" A0 if 1<a<m
1 r S
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Algorithm 1 Active set algorithm (continued)

Step 1: Computation of search direction d;:

Compute vector 7 := g TsPsTs + E TsqsTs-
s:rTai>g, s:rTai<gs

Suppose (H7)~! = [c{, ..., ch); compute indices ki, ko, k3 such that

0 = (¢)7cf, =min {(#)7c] : 1< af <m}

—m Oék2 —m

Q%Z(tj)TCiz—i_WaiQ q. = min {(tJ)TC?-ng- mad : m+1§af§m+8}
+

0f = ()7, ~ s Py = min {—()e =7y p o mt1<a] <m+S)
ks ks ) 7 i
Compute 7 = min {0{, 9%, 9%}
if 67 > 0 then

STOP; optimal solution found
else '

k «— k; where | € {1,2,3} is such that 7 = 6/

g e c) 'ifk:kl,kg
—c, ifk=ks
end if

Step 2: Computation of step size ;.
Compute indices ¢, § such that

al'zd — b; ) {QITQ;J' —b;

i
= min .
adeJ

. T
a;dﬂ i

J .
g1 ‘=

. Tl — = Ly
ryazl — g . ria? =g - S ; _—_—
o) ::Sdes = min {SS : (rfd? <0 and rla? — g5 <0) or (rl'd’ >0 and rla? — g, 20)}
S

Compute ¢/ = min{o7, o3}

Step 3: Update.
l’j+1 — l‘j — O'jdj
if 0/ = o then
(HH)™ — 0 ((H) Y, a
O[]]:rl (_;
end if
if 07 = o) then
(HIY) =t — W ((H)) 7Y, rs, k)
aiﬂ —S+m
end if
af“ —alforie{l,...,,k—1k+1,...,n}
[ — {od™ el
j—j+1
GO TO Step 1

k)

)
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This active set algorithm aims at obtaining a dual feasible solution (£, \): recall the dual

feasibility condition expressed in Proposition that (3.8]) given by

Hiy
H(x)T YK ()] — Z TspsTs + Z TsqsTs
—Asy 5:Ga>Ts 5 s <0
s 101
has a solution ([, ... N IT e _5‘8\1<5>\) such that 1} holds:

i, 20, k=1,...,|K(Z)| and mps, < As; <Tsyqs;,5 = 1,...,[J(Z)] .

Based on this result, at each iteration j with an extreme point solution (27, [Bz/ —
g, [Bx? — §]7) (the fact that this is indeed an extreme point will be proved in the next
section) and an invertible matrix H/ = H(2/) of active constraint gradients at hand, the
right hand side of is computed and stored in #/. Then the non-trivial components of
dual variables (p/, M), which is given by (H7)~'#/, are computed. If these components lie
in the right range (in the sense of ), then an optimal solution is found; else a search
direction is generated from some violated bound constraint on the dual variables: the
search direction is taken as a 41 multiple of the column of (H7)~! corresponding to the
minimizing index k. It will be shown in the next section that, provided the current iterate
is non-degenerate, this is indeed a descent direction. Then a line search is performed so
that the new iterate stays feasible, and the constraint gradient matrix H? (or rather its

inverse) as well as the corresponding index set I/ are updated too.

3.4 Key aspects about the algorithm

A few aspects have to be considered in order to claim that the algorithm makes sense.
First of all, it has to be shown that each iteration generates an extreme point so that the

inverse of the active constraint gradient matrix does exist (and can be used for the next
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iteration). In addition, it is necessary to show that there is a strict decrease in objective

value at each non-degenerate iteration.
CORRESPONDENCE BETWEEN ITERATES AND EXTREME POINTS

Since the initial point satisfies Az% < b, by the choice of 07 < a{, the algorithm generates
a sequence {27} ;o 1, of points in R. In fact, each iterate 27 generated by the algorithm
corresponds to an extreme point Y7 = (27, [Bz? — §]T, [Bx? — §]7) of the feasible region

of (3.6)), provided that the initial point is an extreme point, in order that H7 is defined:

Proposition 3.3 If the initial iterate YO = (2%, [B2® — §]T, [B2® — §]7) is an extreme
point, then each YJ = (27 [Bx? —g|*, [Bx? —g]~) corresponding to the iterates 2/ generated
by Algorithm 1 is an extreme point of the feasible region of (@

Proof By construction, Y is an extreme point and H? is an invertible n-by-n matrix.

It suffices to show that for each j, the index set I’t! generated at the end of the j-th
iteration corresponds to a collection of active constraints at Y7*!; then the corresponding
matrix of those active constraint gradients is invertible (see Step 3; this is essentially be-
cause the previous matrix is invertible and the new row d’ has a non-zero inner product
with the “leaving” column in the inverse of the original matrix) and this means n active

constraint gradients at Y7*! are linearly independent.

For a fixed iteration j, suppose k is the leaving index. For i # k, if ozg <m,

agjx”l =b — U]agjdj .
K2

7 k3

Recall that ¢’ is =1 multiple of c?, which is the k-th column of (H7)~!, and azj is the

7

J
o i

i-th row of H7, a®,d’ must be zero. Therefore a’,x/+!1 = b
ai ;

If o) > m,
T i+l _ 5 j . T
v B =0 ol &
7 g T
and since 7%, is the i-th row of H7, for the same reason 77, d/ =0, and rf;, 277! =
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al'zd — b
1 (2

—————, which means
az d’

Finally, if aiﬂ is taken to be i in Step 3, then ¢/ must equal
T..5+1 j+1 . ~ - i TTﬁ—Z:L%

b- = a? 27T If o) " is taken to be § instead, then ¢/ must equal ———=>

i i k rTdi

S

27Tt = ;. In either case, the n constraints collected by the matrix H7+! are active at

, which means

T

U

YJ*L, Therefore Y/*! is again an extreme point. .
IMPROVEMENT AT NON-DEGENERATE ITERATIONS

The next task is to prove that the search direction generated by Algorithm 1 indeed leads
to strict decrease in objective value provided the current iterate is non-degenerate. The

following result will be useful for proving the claim:

T

Tad < g, the neat iterate must satisfy

Lemma 3.4 Given an iterate 27, if at state s, r

T

rTaitt <o IfrTad > g, the nest iterate must satisfy rlz3+1 > g,.

Proof Suppose 71z > g, and the conclusion does not hold; then rlz/ > g, > rTai+l,
Since #/t! = 27 —07d’ and the current iteration is non-degenerate, 0 > 0 and so 71 d’ > 0.

By definition of 0’%,

T i A
rexd — s

J J
o/ <oy < -
= 2= T

By rearranging the terms, it follows that s < 7l (27 — 0/d’) = rI29+1 which is contra-

dictory. Therefore if 727 > §js holds, the next iterate must satisfy rI 2/t > gq.

By the same argument, if 727 < ¢, holds, the next iterate must satisfy r 27+ < g,. O
Theorem 3.5 Suppose Y7 = (27, ()", (v?)7), where (y/)T = [Ba? — " and (y/)~ =
[Bxd —g]~ is a non-degenerate extreme point of (@ Let %1 be the new iterate generated
from x7 by Algorithm 1 and Y711 = (271 (47t (y7+1)7), where (37t = [Bait! —
JI* and (y*1)" = [Bai+! — g~ then

A= —p ()T = ) T) + ()T - ()7 <0
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Proof Since

()T +d" () = - Z msps (re @7 — §s) + Z msqs(fs —rqa’) , and
s:rTzi>qgs s:rlpi<gs
=TT+ = >+ D+ D) | (s F mags ()

s:rlai>gs  sirlai=gs  s:rTai<gs

=— > mps(riadt =g+ Y mas(i i) + 6

s:rTxi>g s:rT i<y,

where the last line follows from Lemma (3.4]) and

0:=— Z 7rsp8(yj+1):_ + Z qus(yj+1)s_

sirTai=g, s:rTxi=g,

_ T,.j+1 ~ 1+ T,.j+1 ~ 1=

=— Y mplrldT =gt Y el — g
S: szj:gs S: szjZﬁs

_ 3 j T i1+ 3 i T 11—

= - 7Tsps[_ajrs d]] + WSQS[_UJTS dj]
s:rTai=g, s:rlzi=g,

B S i iy

=— E Tspso?l [ry T + E Tsqso” [ry )T
s:rTai=g, s:rTai=g,

Note that ¢ takes three different values depending on the choice of k:

(1) k =k € {1,...,m}: then &/ = c,7C is a column in (H7)T corresponding to some
constraint from the system Az < b, so r1'd’ = 0 for all s, and 6 = 0.
(2) k = ko: since r?c}c =1lonlyifs= ozi — m and is zero otherwise when k = ko or ks,

and in the present case d/ = ¢}, it follows that
0=— Z TsPs0? [TZC,]CQ]_ + Z Tsqs0” [TSTCZCQP'
s:rlzi=gg s:rlzi =g,

— . J
—7'['042 7mqa£ -m?
2 2

(3) k = ks: since d/ = —ci ,
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0=-— Z Tspso? [rsTClig,]Jr + Z 550’ [743‘7123}_

T f —d T nf —1
s:ry xI=ys S:T5 ¥I=ys

o . j
Tod —mPad —m?
3 3

It follows that

Aj = — Z Wsps((TZﬂfj+1 — g)) — ( Zﬂfj - Z)S)) + Z WSQS((Q - Tng+1) - (QS -
s:rTai>qg s:rTai<gs
= Z mspsolrldl + Z Tsqsolrldl + 6
s:rTai>g, s:rlad <gs

cIENTd i k=

= Uj [(tj)de + 7Taj _mqaj

ko kg~

| it k=k
Uj [(tj)de - T(ocj —mpocj —m] if k= k?’
k3 k3

—gl @i

By non-degeneracy assumption, it follows that ¢/ > 0. On the other hand, to be able to
generate the new iterate z7*!, 67 must be negative (otherwise the algorithm would have

stopped before that). Therefore A/, the change in objective value, is negative. [J

As a consequence of this theorem, Algorithm 1 guarantees finite termination under the

assumption that (3.6]) is non-degenerate.

27

T

S

al)) + 8



3.5 Numerical results

The following shows some computation results on some sample problems solved by the
active set algorithm proposed in [4]. The algorithm was programmed in Fortran 77 and
compiled with the Watcom compiler (version 10). The computer CPU used was an Intel

Pentium M Processor 740, running at 1.73 GHz.

Key:

(1) Assets: number of assets

(2) States: number of states

(3) Constraints: number of linear inequality constraints

(4) First slope: slope of the first linear piece (corresponding to returns below reference point)

(5) Second slope: slope of the second linear piece (all normalized to one)

(6) Iterations: number of iterations

Problem || Assets | States | Constraints || First slope | Second slope || Iterations

Co02 14 319 30 2.25 1 90
C05 12 78 26 3.5 1 24
C10a 12 78 26 10 1 31
C10b 12 78 26 7.5 1 30
C10c 12 78 26 5.0 1 26
C10d 12 78 26 4.5 1 24
C10e 12 78 26 4.0 1 22
C10f 12 78 26 3.5 1 24
C10g 12 78 26 3.0 1 2
C10h 12 78 26 2.5 1 3
C10i 12 78 26 2.25 1 3
C10j 12 78 26 2.0 1 3
C10k 12 78 26 1.5 1 3
C101 12 78 26 1.25 1 3

Remark. Problems C10a-1 use the same set of linear constraints and state data. The only difference among

them is the slope of the first piece.
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3.6 What about degeneracy?

Obviously, the assumption that (3.6]) is non-degenerate is a rather restrictive one. In fact,
in practice the number of states S is enormous, and degeneracy is almost inevitable. So

is there a way to handle degeneracy in the framework of Algorithm 17

One might ask if implementing typical anti-cycling rules, such as Bland’s rule (which is
also called smallest-subscript rule) could solve the problem. Unfortunately, the duality
result suggests that it is not quite possible to directly apply Bland’s rule. Recall, from
the necessary and sufficient condition of optimality for (z,[Bx — §|™,[Bzx — g]~) from

Proposition 3.3, that the system

Z &a; — Z AsTs = Z TsPsTs + Z TsqsTs - (3.11)

i€eK(z) seJ(x $:Ys>Us 81Ys<ys
This equation is crucial for Algorithm 1 to compute the dual variables. Under non-
degeneracy assumption, for each extreme point there corresponds a unique dual solution
that can be computed via the above equation, and by checking feasibility of the dual so-

lution the algorithm determines if the current iterate is optimal.

Before discussing the difficulty in the presence of degeneracy, note that there is a subtlety
in : at each iteration j of Algorithm 1, there is a working set I/ = K7 |J(J7 + m),
where K collects the indices i in 7 that correspond to the active constraint alz = b;
and J7 collects the indices s (in I/, by abuse of notation) that correspond to the active

constraint r z = §j;. The algorithm in effect aims at solving (3.11))

Zfiai—Z)\srs = Z &a;+ Z AeTs + Z TsPsTs + Z TsqsTs (3.12)

€K seJ €K (x)\K seJ(x)\J 5:Ys>Us 5:Ys<Us

for & (i € K) and A (s € J), assuming that the right-hand side is known a priori. But

this is usually not the case when degeneracy occurs.
To see the difficulty that would arise in the presence of degeneracy, consider the case when
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the algorithm reaches a degenerate optimal solution (Z, [Bz —¢|*, [BZ —¢|~) with working
sets K C K(z) and J C J(x). This optimal solution would correspond to some Lagrange
multiplier (£, \) that satisfies the dual feasibility condition and complementary slackness.
The multiplier does not necessarily satisfy & = 0 for i € K(Z)\K, and Ay = Tsps Or Tsqs
for s € J(z)\J. Even if there are Lagrange multipliers that satisfy this, the algorithm
does not seem to be able to produce the right multipliers whose indices are outside the
working sets a priori. If one tries to impose particular values on §; for i € K(z)\K or A,
for s € J(z)\J and solve for , the solution obtained may not necessarily satisfy the
bound constraints. By failing to produce the true certificate of optimality, the algorithm
would cycle, even if anti-cycling rules such as Bland’s rule is incorporated in the algo-
rithm. As such, to guarantee finite termination in the case when is degenerate, not
only anti-cycling rule, but also a way of determining the right multipliers for those active
constraints not indexed by the working set, is necessary, and is one subject for further

research.
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Chapter 4

Smoothing Technique: an outline

4.1 Smoothing the non-differentiable objective function

An alternative for dealing with the non-smooth problem (3.6) is to solve an approximate

problem that has a smooth objective function.

Respectively in the frameworks of CVaR minimization with transaction costs and mean-
variance portfolio optimization with piecewise linear transaction costs, [2] and [I8] pro-
posed different methods to solve minimization problems with separable piecewise linear
convex objective function and linear constraints. The first step taken in both works is
to “smooth” out all the “corners” of the graph (due to the existence of break points) by
forming a convex quadratic/cubic approximation around the corners, so that the resultant
function is smooth, and can the approximate the original objective function as well as
one wishes. By solving the approximate problem, one gets an approximate solution to
the original problem. Details on the fact that the (approximate) solution obtained from

the new smooth problem is indeed a good proxy for the original problem can be found in [9].

To see how the smoothing technique works, take as an illustration the piecewise linear

concave utility function from (3.5)):
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ps'(t_gs) ift—QsZO
QS'(t*gs) ift*gs<0
]—l-

:ps[t*:gs *QS[t*gs]_ )

where g5 is assumed without loss of generality to be strictly greater than ps > 0 (otherwise

fs is simply a linear function). Fixing a resolution parameter € > 0 that determines how

close the approximation is going to be, the continuously differentiable piecewise quadratic

approximation fi(t;¢) is defined by

[s(t;e) i= fs(t) — os(t;€)

where the function os(-;¢) is such that it vanishes outside [—¢,¢] and the resultant ap-

proximation f(-;¢) is sufficiently smooth. When four parameters (fs(4¢) and f!(c)) are

available, fs can be approximated either by quadratic or cubic splines.

If, for instance, quadratic spline is desired, o, can be given by
LoPe(t — g 4€)*  ift — s € [—£,0]
os(tie) == Pt — gy —e)?  if t — s € [0,¢]
0 otherwise

(Alternatively, a convex cubic spline can be given by

Db (t — g, +¢)? if t — g5 € [—¢,0]
os(t;e) i= _q%ggs (t—9s —€)° + (g5 — ps)t if t — g5 € [0,¢]
0 otherwise . )

Then the optimal solution of the problem
S
max Z 7 fs(rlz)
s=1

st. Ax <b

(4.1)

(4.2)

(4.3)

can be approximated by solving the smooth piecewise quadratic optimization problem
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S
max msfs(rla;e)
=2 )

st. Az <b

which is still defined only on n variables, so again the number of states would not directly
affect the efficiency of solving each of these problems. The optimal objective value of (4.4))
differs from that of (4.3) only by at most (¢gs — ps)e/4 (see Appendix B).

Depending on the algorithm used to solve the smooth problem, either quadratic or cubic
spline may be used. In [2], a special but mainstream class of minimization problem with
piecewise linear convex objective function, linear equality and bound constraints is consid-
ered; authors of [2] proposed to use a specialized trust region method to solve the problem,
so quadratic spline is naturally preferred as the trust region method builds quadratic ap-
proximation of the objective function in the trust region, and by using quadratic spline
the trust region subproblem quite often has the original objective function as its own ob-
jective. On the other hand, in [I§], interior point method is used (in locating the initial
point for the subsequent application of active set method); since each search direction is
obtained by solving a Newton’s equation, quadratic splines does not offer overwhelming

advantage over cubic splines, so cubic spline could be used for a better approximation.

4.2 Double trust region method

In the present case when the original non-smooth function is piecewise linear, the resultant

approximating problem (4.4)) is indeed a smooth convex program problem.

Based on this fact that the resultant approximating problem (4.4]) is a smooth convex
program problem (by changing the sign of the objective function to get a minimization
problem), [2] focused on a special case when the set of constraints consists of (normally

very few, probably just one or two) equality constraints and bound constraints, that is, a
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problem of the form

S
min — Y 7o fs(rlz;e)
@ ; ’ (4.5)

st. Az=0b , [<z<u

)

where A € R™ xn , be R™, and [,u € R"™ with [ < u. To solve this problem, the authors
in [2] implemented an interior point method based on a specialized trust region method [6]
for nonlinear minimization with bound constraints. It has been shown that, under mild
assumptions, this trust region method can achieve global convergence and local quadratic

convergence.

The smoothing technique can achieve very impressive speed even on large-scale problems;
this is a crucial merit especially because, as a result of the states being quite often generated
by Monte Carlo simulation, the problem size is normally very huge (not only in terms of
the number of states but also the number of instruments). As an illustration, below is an
extract of CPU times results obtained from running Mosek on the lifted version of CVaR
minimization problem (the lifted version is similar to (3.6))) versus the double trust
region method on problem :

Mosek (CPU sec) Smoothing (CPU sec)

No. of scenarios
No. of instruments being considered

8 48 200 8 48 200
10,000 6.47 42.04 4244.30 2.45 16.78 419.52
25,000 33.50 98.91 10,784.10 5.27 35.48 838.15
50,000 36.01 318.72 - 9.90 62.08 2080.16

Source: [2], P. 598
One advantage of the smoothing technique is that it can be easily extended to the case

where f, is a linear function, as the resultant utility function is still a separable piecewise

concave function.
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4.3 Interior point method and cross-over technique

In the last sections, smoothing technique is introduced to obtain a good approximate solu-
tion to the original non-smooth problem efficiently. Smoothing technique alone, however,
does not give an exact solution, nor does it have finite termination properties like active set
methods do. To get the merits from both methods, [I8] proposed a cross-over method: in
the present case, interior point method can be applied on the smooth problem to approx-
imately solve the original problem, and the approximate solution is then used to locate
an exact solution via standard active set method. The idea is that interior point method,
which is known to be efficient and capable of dealing with large-scale problems, can help
getting a near-optimal point as initial point for running the active set method, so that at

the end an exact solution can be obtained without visiting too many extreme points in vain.

Strategy proposed in [I8] is designed to deal with a convex program with an objective
function that is the sum of a quadratic function and a separable piecewise linear function
of z, together with linear constraints. Yet, with the development of interior point method
for convex program [19] and more recently, for non-linear program (see [10] and [16], for
example), it might be inspiring to phrase the idea in a more general framework. Again

recall the non-smooth problem (3.1)) of interest, put as a minimization problem

S
min F(z) = — Zﬁsfs(rsTx) st. Az <b, (4.6)
s=1

where A € R™™ and b € R™. The Lagrangian of this problem is defined as L(x,§) :=
F(z) + ¢T(Az — b) (with &€ € R™). The KKT conditions of the problem are given by

Dual feasibility. 0€d,L(x,§) ,£>0
Primal feasibility. Ax <b

Complementary slackness. & (Az —b) =0 .

By subdifferential calculus rules [2I], the condition 0 € L(x,&) is equivalent to AT¢ €

Zsszl 750z fs(rfx), where
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{%f*([r?x—@s]+)rs} if r’z —gs >0
3acfs(7"sT$) = { r x—ys]” )rs} if rsT:L‘ —7s <0
{ws 2y € [=Rf707), O]} il =g, =0.
Here 2 f=(07) and 4 f(07) denote the left-hand derivative of f~ and right-hand deriva-

tive of f* at zero respectively. If I is convex, the KKT conditions are sufficient for local

optimality too.

If each of the non-smooth functions f is to be approximated by fs(-; £), the new approx-

imate problem

min F(z Zﬂ'sfs rsx;e) st Az <b, (4.7)

xT

is smooth and the KKT conditions are quite similar, except that the complication (that

is, the subdifferential) disappears:

S
Dual feasibility. AT§ = Zﬂsf;(TZx)rs , >0

Primal feasibility. Ax <b

Complementary slackness. €T (Ax —b) =

A typical interior point method for solving the smooth problem seeks to solve the perturbed

KKT system

Ax+n=>
§ini =
E>0,s5>0.

Here p := ¢"n/n is the barrier parametelﬂ An interior point method finds a search

!Unfortunately, the popular Greek letter p is commonly used in finance to refer to expected return
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direction from the current iterate by solving the linearized KKT system (around the
current iterate) and perform an appropriate line search to maintain strict feasibility. The

KKT system linearized at (z,&,7n) is given by

G AT 0 Ax —pd
A 0 I At | = —Pp
0 Diag(n) Diag(¢)/ \An —§on+oul

where pg and p, are the residuals

S
pa=Y mflrlz)rs—ATE | py=Avtn-b,
s=1

G = ZSS:1 ws ! (rTa)rerT is the Hessian of the objective function, € o 7 denotes the

Hadamard product (or component-wise product) of the vectors £ and 7, and o € [0,1] is

the centering parameter.

In general, by choosing an initial point, and then iteratively computing a search direction
and appropriate step size for updating the current iterate, an approximate solution to
(for some fixed € > 0)) can be computed efficiently. [I§] proposed that purification
step be then performed, that is, several iterations of gradient projection method be ap-
plied starting from the solution from interior point method in order to increase the size
of active set without increasing the objective value. Finally, a standard active set method

[9] is applied starting from the last iterate obtained from the purification step.

In this cross-over strategy, the application of interior point method does not aim at a very
precise solution; since the last iterate is used only as an initial point for purification, both
the resolution parameter € and the tolerance used in the interior point method can be
crude. This in principle could reduce the number of iterations of interior point method,
which is very advantageous as every step is quite expensive to compute. The number of

iterations in the stage of active set method is also much smaller than what one would

vector of assets and in numerical optimization as barrier parameter. Since in this section all focus is solely
on interior point methods, p is to be understood as barrier parameter all through this section and hopefully
no confusion would arise.
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expect from a straight forward application of standard active set method.

[18] proposed the above cross-over technique in the setting of convex program, and the
Hessian G in their problem is the sum of a constant matrix and a non-constant diagonal
matrix. Even though the Hessian is not constant overall, the computational effort is not
as great as in general case because of the choice of simple splines. It is not known if cross-
over technique would perform equally well on the present problem , even when it is
a convex program, let alone one with non-convex objective function due to the S shape
of utility functions. Greater care is also needed in such case in computing the Hessian
and the step size. Yet the cross-over technique, by taking credit from both interior point
methods and active set methods, seems to be a good option for solving a non-smooth and

yet fairly well-structured problem like (4.6)).
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Appendix A

Updating formula for matrix

inverse

This appendix gives the explicit updating formula ¥ of an inverse of a matrix when one of
its rows is replaced by some other vector, following the treatment in [5]. ¥ requires O(n?)

arithmetic operations.

Let X7 = [u1,...,u,] be an n x n nonsingular matrix and suppose X ! = [vy,...,vy)
(so that for any i,j € {1,...,n}, uiij = d;; where J;; equals one when ¢ = j and is zero
otherwise).

Suppose u is an n-vector that is to replace the k-th column of X7. Provided u”vj # 0,

the new matrix is invertible. To start with, denote the new matrix by X:

o1 . [ Al e—
X5 =1,y Up) i= (U, s U1, Uy Uy - -5 U]
Then the matrix [01, ..., 0,] € R™", where each column ¥; is defined by
1 e
N Rl if j=k
’Uj = T s
Vj — el otherwise
J uToy, Ok

is the inverse of X. To prove this claim, it is necessary to show that &?f}j = ;5. For i # k,
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T e s
IO K (uTUkvk) if j=k
U; 0 = Ty
ul' (vj — o vg) otherwise
0 if j=k
N T uTv; .
Uj Vj = G- Ui Uk otherwise
0 if j#£4
[ T otherwise
Uj Vj = Gl Vg = rwi
=0;j -
For the case when ¢ = k,
T(_1 e s
. Ju (uTuk,vk) if 7=k
Up, 'UJ = . W .
P J ]
Ut Vj = iU Uk otherwise
1 if j=k
0 otherwise
Hence 4 © = &;;, that is, (X)~1 = [01,...,9].

In conclusion, it is possible to define an inverse operator ¥ for any tuple (X, u, k), where
X = [u1,...,up)T is an n x n invertible matrix with X! = [vq,...,v,], k € {1,...,n}
and u € R™ with the property that its inner product with the k-th row of X is non-zero:
U (X, u, k) is the inverse of the new matrix obtained from X by replacing its k-th row by

vector u, and the formula is given by

. ~ . T VE if i=k
U(X,u, k) =[01,...,0,] where o; = k .
v — ZTZ; Vg, otherwise
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Remark. In fact, the condition u” vy, # 0 is necessary for the new matrix to be invertible:
if uTvy, = 0, then vy, is in the null space of the new matrix; since vy is a column of an
invertible matrix, v is non-zero. This shows that the new matrix has a non-trivial null

space, and is therefore singular.
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Appendix B

Remarks on the approximation of

piecewise linear function

This appendix gives a simple error bound of the quadratic approximation fy(t;¢) of fy(t)

given in Section 4.1.

The quadratic spline given in Section 4.1 could be derived from the following:

fs(t;€) = ps(t — Uss €)

where .
Ds - U if u>e
ps(u;g) = _%UQ + Ps;%u _ (qs;pS)E if —e<u<e (B].)
gs - U if w § —& .

Indeed, note that for any positive e, fs(t;¢) is an underestimation of f,(t). In fact, since
fs(t;€) = fo(t) whenever |t — 5| > €, it remains to consider the case when |t| < . When

u:=t—gs €10,¢),

fs(t) - f;(t; E) = psu — <_QS —p5u2 + Ds +QSu _ (qs —p5)6>

4e 2 4
_ ds 4_€p8( . 5)2
Similarly, fs(t) — fs(t;¢) = %(u—i—e)? when v = t — g5 € (—¢,0]. This gives the
£
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quadratic spline in Section 4.1. Also note that fs(t) — fs(t;¢) € [0, (gs — ps)e/4].

It follows that if Z is optimal for the original piecewise linear problem (4.3]) and Z is optimal
for the approximate problem (4.4)), then

s s S
2 melilri X%mTwe£23¢ 5= Y T < B
s=1 s=1 s=1

s=1

Generally, given a convex-concave function f(t) = fT([¢t]7) — f~([t]7) as in (2.3), where
fT and f~ are assumed to be differentiable on R |, it is possible to make full use of the
derivative information and use a cubic spline for approximation instead. Specifically, with

resolution parameter € > 0, f can be approximated by the

_ Ft) if |t| > e
f(tie) =
at3 +bt2 +ct+d  if|t|<e,

where

o — 1 (f/(s) +f(=e)  fle) - f(_5)>

2e2 2 2e
s fE = 7'=)
N 4e
@) FE+ o)
4e 4
L@ (e ()~ [1(=2)
2 4 ’
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